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Abstract. In this paper, we firstly discuss the question: Is ig homeomorphic 
to a rectifiable space or a paratopological group? And then, we mainly discuss 
locally compact rectifiable spaces, and show that a locally compact rectifiable 
space with the Souslin property is cr-compact, which gives an affirmative an- 
swer to A.V. Arhangel'skii and M.M. Choban's question [On remainders of 
rectifiable spaces, Topology Appl., 157(2010), 789-799]. Next, we show that 
a rectifiable space X is strongly Fre'chet-Urysohn if and only if X is an «4- 
scqucntial space. Moreover, we discuss the metrizabilities of rectifiable spaces, 
which gives a partial answer for a question posed in |18j . Finally, we consider 
the remainders of rectifiable spaces, which improve some results in 2 , 3l l6l [19] . 



1. Introduction 

Recall that a topological group G is a group G with a (Hausdorff) topology such 
that the product maps of G x G into G is jointly continuous and the inverse map of 
G onto itself associating x^ 1 with arbitrary x G G is continuous. A paratopological 
group G is a group G with a topology such that the product maps of G x G into 
G is jointly continuous. A topological space G is said to be a rectifiable space 
provided that there are a surjective homeomorphism tp:GxG^GxG and an 
element e G G such that 7Ti o ip = m and for every i£G we have tp(x, x) = (x, e), 
where tk\ : G x G — > G is the projection to the first coordinate. If G is a rectifiable 
space, then ip is called a rectification on G. It is well known that rectifiable spaces 
and paratopological groups are all good generalizations of topological groups. In 
fact, for a topological group with the neutral element e, then it is easy to see 
that the map ip(x,y) — (x^x" 1 !/) is a rectification on G. However, there exists a 
paratopological group which is not a rectifiable space; Sorgenfrey line ( |13i Example 
1.2.2]) is such an example. Also, the 7-dimensional sphere SV is rectifiable but not 
a topological group [25l § 3]. Further, it is easy to see that paratopological groups 
and rectifiable spaces are all homogeneous. 

By a remainder of a space X we understand the subspace bX \ X of a Hausdorff 
compactification bX of X. 

In section 3, we show that l%° is homeomorphic to no rectifiable space or paratopo- 
logical group, where 1%? is the separable Hilbert space, which extends a result of T. 
Banakh in \9 r In section 4, we mainly discuss locally compact rectifiable spaces, 
and show that a locally compact and separable rectifiable space is er-compact, which 
give an affirmative answer for a question of A.V. Arhangel'skii and M.M. Choban's. 
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Moreover, we prove that under the set theory assumption a locally compact rec- 
tifiable space with the a4-properties is metrizable. In section 5, we show that a 
rectifiable space X is strongly Frechet-Urysohn if and only if X is an (^-sequential 
space. In section 6, we mainly discuss the metrizability of rectifiable spaces which 
have a point-countable fc-network. In section 7, we mainly consider the question: 
When does a Tychonoff rectifiable space G have a Hausdorff compactification bG 
with a remainder belonging to the class of separable and metrizable spaces? 

2. Preliminaries 

In [22], E. Pentsak studied the topology of the direct limit X°° = limX™ of the 
sequence 

XgXxXcXxXxXc---, 

where (X, *) was a "nice" pointed space and X n was identified with the subspace 
X n x {*} of X n+1 . 

A space X is called an SVspace (Arens' space) if X = {oo} U {x n : n G N} U 
{x n (m) : m,n G N} and the topology is defined as follows: Each x n (m) is isolated; 
a basic neighborhood of x n is {x n } U {x n (m) : m > k} for some k G N; a basic 
neighborhood of oo is {oo} U ((J{^n : n > &}) for some k G N, where V n is a 
neighborhood of x n . 

T. Banakh define the space K [9]. 

Let 

K = {(0, 0)} U {(-, — ) : n,m G N} G K 2 . 
n ran 

The space K is non-locally compact and metrizable. Also, the space K is a minimal 
space with these properties in the sense that each metrizable non-locally compact 
space contains a closed copy of K . For convenience, put xq — (0, 0) and x n>m = 
( — , — ) for any n.m G N. 

The space X is called if X is obtained by identifying all the limit points of u> 
many convergent sequences. 

If A is a subset of a space X , then [ J 4] Se ' 3 denotes the sequential closure of A, 
i.e. the set of limits of convergent sequences in A. Clearly, we have A C L4] se9 . 
By induction on a € toi + 1, we can define [A] a as follows: [A]o — A, [A] a +i = 
[[A] a ] seq and [A] a = U{[A]^ : j3 < a} for a limit order a. One can easily verify 
that L4] Wl+ i = [A] Ul , and that a space X is sequential iff A = [A] Ul for every 
A G X. For a sequential space X we define so(X), the sequential order of X, by 
so(X) = min{a G U\ + 1 : A = [A] a for each A C X}. 

Definition 2.1. A space X is said to be Frechet-Urysohn if, for each igAcI, 
there exists a sequence {a;^} such that {x n } converges to x and {x n ■ n G N} C A. A 
space X is said to be stronqly Frechet-Urysohn if the following condition is satisfied 
(SFU) For every x G X and each sequence ij = {A n : n G N} of subsets of X 
such that x G HneN there is a sequence £ = {a n : n G N} in X converging to x 
and intersecting infinitely many members of rj. 

Obviously, a strongly Frechet-Urysohn space is Frechet-Urysohn. However, the 
space is Frechet-Urysohn and non-strongly Frechet-Urysohn. 

Let A" be a space. For P C A, the set P is a sequential neighborhood of x in X 
if every sequence converging to x is eventually in P. 
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Definition 2.2. Let & = \J x( z X ^ x ^ e a cover °f a space X such that for each 
xeX, (a) if U, V € @> x , then W C Z7n V for some If e^ x ; (b) the family ^ is 
a network of a; in X, i.e., x G f] £? Xl and if x £ U with [/ open in X, then P C U 
for some P G @* x . 

The family ^ is called a weofc &ase for X [1] if, for every G C X, the set G must 
be open in X whenever for each x G G there exists P G such that P C G. The 
space X is weakly first- countable if the family ^ is a weak base for X such that 
each & x is countable. 

The following theorem for the first time there was announced in and the 
readers can see the proof in [El HS1 [24] . 

Theorem 2.3. [llj A topological space G is rectifiable if and only if there exists 
e G G and two continuous maps p : G 2 — > G, q : G 2 —5- G suc/i that for any 
x G G,y G G i/ie nea;i identities hold: 

p(x,q(x,y)) = q(x,p(x,y)) = y,q(x,x) = e. 

In fact, we can assume that p — 7r 2 ° </? _1 and g = 7T2 o ip in Theorem 12.31 
Fixed a point x G G, then f x ,g x : G — > G defined with /^(y) = p(x,y) and 
g x (y) = q(x,y), for each y G G, are homeomorphism, respectively. We denote 
/x,^ with G),q(x, G), respectively. 

Let G be a rectifiable space, and let p be the multiplication on G. Further, we 
sometime write x ■ y instead of p(x, y) and A ■ B instead of p(A, B) for any A, B C G. 
Therefore, q(x, y) is an element such that x ■ q(x, y) = y; since x ■ e — x ■ q(x, x) = x 
and x ■ q(x, e) = e, it follows that e is a right neutral element for G and q(x, e) is a 
right inverse for x. Hence a rectifiable space G is a topological algebraic system with 
operation p, q, 0-ary operation e and identities as above. It is easy to see that this 
algebraic system need not to satisfy the associative law about the multiplication 
operation p. Clearly, every topological loop is rectifiable. 

All spaces are T\ and regular unless stated otherwise. The notation N denotes 
the set of all positive natural numbers. The letter e denotes the neutral element of 
a group and the right neutral element of a rectifiable space, respectively. Readers 
may refer to [H 1131 114] for notations and terminology not explicitly given here. 

3. If IS HOMEOMORPHIC TO NO RECTIFIABLE SPACE OR PARATOPOLOGICAL 

GROUPS 

In this section, by a modification of the proof of Theorem 1 in [9], we show that 
If is homeomorphic to no rectifiable space or paratopological group. 

We call a subset A of a rectifiable space (resp. paratopological group) G multi- 
plicative if for any a, b G A we have p(a, b) = a ■ b G A (resp. ab G A). 

We denote by conv(iT)={(0, 0)} U {(x,y) : < y < x < 1}, where conv(i^) is 
the convex hull of K in K 2 . 

In this section, we may assume that S u = {yo} U {y n ,m = ( n , jjj) ■ n,m £ N}, 
where, for each n G N, the sequence {y nt7n } —> yo as m — > oo. For each k G N, let 
Vk = {Vo} U {y n ,m '■ n < k, m G N}. It is easy to see that S u has the direct limit 
topology with respect to the sequence Vi, V%, ■ ■ ■ . 

Theorem 3.1. Let X be a normal k-space. If X contains closed copies of and 
K , then it is homeomorphic to no closed multiplicative subset of a rectifiable space 
G such that yo is the right neutral element of G. 
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Proof. Suppose not, let X be a closed multiplicative subset of a rectifiable space 
G. Now, we define a map / : if x S u — > X with f(x, y) = p(x, y) for each 
(x,y) G if x S u . Then the following (1) and (2) hold: 

(1) the map (m, /) : KxS^ -» if xl is a closed embedding, where (7Ti, /)(x, y) — 
(x,f(x,y)) for each (x,y) € K x S u ; 

(2) the map g : if — > X defined by g(x) = p(x, y ) = x (that is, g is the identity 
map), for each x G if , is a closed embedding. 

Indeed, the statement (2) is obvious. Moreover, it is easy to see that the map 
(wi , /) : KxS^ — > KxX is injective continuous. We only show that the map (iTi,f) 
is relatively open. For each open subset U x V of if x S u , we have (7Ti, /)(?/ x V) = 
U{{x} x (x ■ V) : x G U}, where U and V are open in if and S u respectively. 
Since V is open in S u , there exists an open subset W of X such that W D S u — V . 
Therefore, we have 

(tti, f)(U x V) = U{{x} x p(x, V):xeU} = (Ux(U-W))D {m,f)(K x S u ). 

Since p(U, W) — U{p(x, W) : x G U} is open in X, the set U x p(U, W) is open in 
KxX. 

By the normality of X, let ft : X — > conv(if) be a continuous extension of the 
map g- 1 : g{K) -> if. 

For each n, to G N, let <5„ >m = 2 „ m( 1 m+1) , and put 

w n , m = conv(if) n ((- - s nm , - + s nm ) x (— — a n m , — + <y„ m )). 

n n nm nm 

Obviously, the collection {W n , m : n,m G N} consists of pairwise disjoint neigh- 
borhoods of the points x n . m in conv(if). Since y n ^ m — > yo as to — > oo and 
ho f(x n . m ,y ) = h(p(x n . m ,y j) = x n . m = (i, ^), for any n, m G N, there exists 
a k(n,m) G N such that ft- o f{x ntm ,y n u n ^ m )) G W n ,m- Without loss of generality, 
we may assume that k(n, m + 1) > fc(n, m) for any n, m G N. Put 

£ = (P^n.m.J/n.feCn.m)) ■ n,m € N}. 

For each n, to G N, it follows from ft o /(xo, yo) ^ Wn,m that /(xo, yo) ^ 
Claim: Z is closed in X. 

Since X is a fc-space, it suffices to prove that for each compact subset F of X 
the intersection F f) Z is closed in F. Let 

F l = {x } U {x„, m : ft(F) n W nim + 0,n,m G N} and F 2 = ^((tti, Z)" 1 ^ x F)). 
Since ft(F) C conv(if ) is compact, the set F\ is compact. It follows from (1) that 

{Tnjy^FxF^cK xS u 
is compact, and hence F 2 is also compact. Because S u = limV^j, there exists 
an n G N such that F 2 C V no . Since F D Z C p(F!,F 2 ), we have F D Z C 
{p(a;n,m 5 yn,fc(n,m)) : «■ < «o>J/n,m € Fi}- % the compactness of Fi, it is easy to 
see that {p(x„ ;m ,y„ ; fc( niTO )) : n < n^x n m G F x } is finite. Therefore, the set F C\ Z 
is closed in F. 

Since p{xo, yo) — xo G" Z and p is continuous, it follows from the Claim that there 
exist open neighborhoods V^(xo) C if and U(yo) G S u of xo and yo respectively 
such that p(V(xo),U(yoj) fl Z = 0. For every to G N, we can fix an n G N 
such that x„ jm G V^(xo). Since {y n ,m}m=i converges to yo and {k(n, m)}^ =1 is 
increasing, there is an to G N such that y n ^( n , m ) S f (j/o)- Thenp(x„, m , j/ n ,fe( n , m )) G 
p(F(x ), U{yo)) n Z, which is a contradiction. □ 
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Theorem 3.2. Let X be a normal k-space. If X contains closed copies of S u and 
K , then it is homeomorphic to no closed multiplicative subset of a paratopological 
group. 

Proof. Suppose not, let X be a closed multiplicative subset of a rectifiable space G. 
Now, we define a map / : K x S u — >• X with f(x, y) = xy for each (x, y) £ K x S u . 
Obviously, we can obtain the following (1) and (2): 

(1) the map (7Ti, /) : KxS u —5- K x X is a closed embedding, where (%i , /) (x, y) = 
(x, xy) for each (x, y) £ K x S u ; 

(2) the map g : K — > X defined by g(x) — xyo, for each x £ K, is a closed 
embedding. 

By the normality of X, let h : X — > conv(K) be a continuous extension of the 
map <? _1 : g(K) —> K. 

By the proof of Theorem 13.11 we can define the neighborhoods W nm of the 
points x n m in conv(_ftT) and the closed set Z with x^y® (jL Z . 

Since f(xo,yo) = xoya Z, G is joint continuous and Z is closed, it follows 
that there exist open neighborhoods V(xq) C K and U(yo) C of xo and yo 
respectively such that (V(xq) x U(yo)) H Z = 0. For every m £ N, we can fix an 
n £ N such that x n ,m £ V(xo). Since {y n ,m}m=i converges to yo and {k(n, m)}J^ =1 
is increasing, there is an m £ N such that y n .k(n,m) £ U(yo). Then x n ,my n ,k(n,m) £ 
(V(xo) x U(yo)) fl Z, which is a contradiction. □ 

It is well known that a space X contains a closed copy of S u , provided X can 
be written as a direct limit of a sequence 

Xici 2 c-, 

where each X n is a closed metrizable subset of X, nowhere dense in X n+ \. In 
particular, the space I™ contains a topological closed copy of S u . Moreover, the 
space is a normal fc-space and contains a topological closed copy of K . Therefore, 
by the topological homogeneity of and Theorems 13.11 and 13. 2\ we have the 
following theorem. 

Theorem 3.3. l^ 3 is homeomorphic to no rectifiable space or a paratopological 
group. 

Corollary 3.4. is homeomorphic to no topological loop. 
Corollary 3.5. [9] ZJf 3 is homeomorphic to no topological group. 



4. LOCALLY COMPACT RECTIFIABLE SPACES 

In [B], A.V. Arhangel'skii and M.M. Choban posed the following question: 

Question 4.1. [6, Problem 5.10] Is every rectifiable p- space with a countable Souslin 
number Lindelof? What if we assume the space to be separable? Separable and lo- 
cally compact? 

Now, we give an affirmative answer for Questions 14.11 of the case of separable 
and locally compact rectifiable spaces. 

Lemma 4.2. Let G be a rectifiable space. If Y is a dense subset of G and U is an 
open neighborhood of the right neutral element e of G, then G — Y ■ U . 
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Proof. Fix an arbitrary z £ G. Since q(z, z) = e € U, there exists an open neigh- 
borhood V of e such that q(z ■ V, z) C U . Put W — z ■ V . Then W is an open 
neighborhood of z in G. Since Y is a dense subset of G, we have W PiY ^ 0. Take 
a point y £ W f)Y ~ z ■ V DY. Then y — z ■ v for some v £ V. 

z =p(z- v, q(z ■ v, z)) = p(y, q(z ■ v, z)) £ p(y, q(z ■ V, z)) C p(y, U) = y ■ U C Y ■ U. 

By the choice of arbitrary point of z, we have G = Y ■ U . □ 

It follows from Lemma 14.21 we have the following results, which give an answer 
for Question 14. II 

Theorem 4.3. If G is a locally a-compac^ rectifiable space with the Souslin prop- 
erty, then G is a-compact. 

Proof. Let G be a locally a-compact rectifiable space with the Souslin property. 
For each a £ T, let A a be the family consisting of disjoint open subsets of G such 
that each element of A a is covered by countably many compact subsets (since G 
is locally cr-compact). {A a ,a £ T} is a set with partial order by inclusion. It is 
easy to see that every chain of {^4 Q , a £ T} has an upper bound, by Zorn's Lemma, 
there is a maximal element A £ {A a ,a £ T}. Since G has Souslin property, we 
have \A\ < w, and hence we write A — {Ai}, C U{Kij}, where each K^j is a 
compact subset of G. By maximality of A, U{Kij} is a dense subset of G. Let U be 
an open neighborhood of e, which is covered by countably many compact subsets 
{H t }. By Lemma [OJ G = {U{K itj }) ■ (U{fl,» = U(K itj ■ Hi), each K id ■ Hi is 
compact, hence G is a-compact. □ 

Corollary 4.4. If G is a locally compact and separable rectifiable space, then G is 
a-compact (and, hence, Lindelof). 

Corollary 4.5. If G is a locally Lindelof and separable rectifiable space, then G is 
Lindelof. 

Let A be a subspace of a rectifiable space G. Then A is called a rectifiable 
subspace of G if we have p(A, A) C A and q(A, A) C A. 

Proposition 4.6. Let G be a rectifiable space. If H is a rectifiable subspace of G, 
then H is also a rectifiable subspace of G. 

Proof. Take two points x,y £ H . Then we shall show that p(x, y) £ H and q(x, y) £ 
H. 

Since x,y £ H, there exist two nets {a; Q }, {yp} in H such that x a —^x,y^—> y. 
Since p is continuous, p{x, y) is a cluster point of {p(x a , yp} C H. Hence p(x, y) £ 
H. _ 

Similarly, we can show that q(x, y) £ H. □ 

Lemma 4.7. Let G be a rectifiable space. If V is an open rectifiable subspace of 
G, then V is closed in G. 

Proof. Suppose that V is non-closed in G. Then V\V ^ 9>. Take a point x £ V\V. 
Since q(x, x) = e £ V and the continuity of q, there exists an open neighborhood 
W of e such that q(x -W,x) C V. Put U = x-W. Then U is an open neighborhood 

space X is locally a-compact if, for each point x of X, there exists an open neighborhood 
U x of x such that U x can be cover by a countably many compact subsets of X. 
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of x, and hence U fl V ^ since x & V. Therefore, there exist off and b e V 
such that x ■ a = b. Then we have 

x = p(x ■ a, q(x ■ a, x)) — p(b, q(x ■ a, x)) C p(V, V) = V, 

where p(V, V) — V since V is a rectifiable subspace of G. However, the point x g" V , 
which is a contradiction. □ 

Theorem 4.8. If H is a locally compact rectifiable subspace of a rectifiable space 
G, then H is closed in G. 

Proof. Let K — H . Then K is a rectifiable subspace of G by Proposition ^. 61 Since 
H is a dense locally compact subspace of K, it follows from [T3l Theorem 3.3.9] 
that H is open in K. By Lemma \A. 71 the set H is closed, and hence K = H. □ 

The following Lemma maybe was proved somewhere. 

Lemma 4.9. Let F be a compact subset of a space X and have a countable base 
{U n } with U n +i C U n in X , and let H = n n V n (V n +i C V n and each V n is open 
in F) is a compact Gs-set of F. For n£N, let W n be an open set in X such that 
V n = W n fl F, W n C U n , W n+ i C W n , then {W n } is a countable base at H in X. 

Proof. H = Pi n W n = n n W n . Suppose that {W 7 ^} is not a countable base at H , then 
there is an open subset U of X such that H C U and W n \ U ^ 0. By induction, 
choose x n S W n \ U with Xi ^ Xj if i ^ j. Since x„ e U n for each n G N, then {x n } 
has a cluster point x. In fact, if {x n } H F is infinite, then {x n } has a cluster point 
in F since i* 1 is compact; if {x n } C\ F is finite, without loss generality, we assume 
{xn} Pi F — 0. Since F C X \ {x n } which is open in X, there is no G N such that 
F d U n (Z X \ {x n } for n > no. This is a contradiction since x n G [/„. Therefore, 
we have x G W n for each n, then x E H a U , and hence J7 contains infinitely many 
x' n s, which is a contradiction. 

□ 

Next, we shall show that, for each locally compact rectifiable space, there exists 
a compact rectifiable subspace with a countable character. 

Lemma 4.10. Let G be a rectifiable space and F be a compact subset of G con- 
taining e and having a countable base {U n : n G N} in G. Assume that a sequence 
C = {Vn : n G N} of open neighborhoods of e in G such that V n +i • V n +i C V n n U n 
and qiVn+ijVn+i) C V n . Then H = HneN ^" * s a compact rectifiable subspace of 
G, H <Z F and £ is a base for G at H . 

Proof. Obviously, we have V n +i C V n for each n G N. We first claim that H is a 
compact rectifiable subspace of G. 

Indeed, it is easy to see that H = P|„ g n ^™ = HneN V n , and hence H is closed 
in G. For each G H, we have x,y G V n for each n G N. Then, for each 
n G N, we have 1 • j £ F„ since 14.+1 ■ C V^. Therefore, x ■ y E H. Since 

<z(Ki+i, C Kj, we have q(x,y) G i?. Therefore, H is a rectifiable closed 

subspace. Obviously, H C Okgn = Thus if is compact. By Lemma l4~9l £ is 
a base for G at H . 

□ 

Proposition 4.11. Let G be a rectifiable space with point-countable type. If O is 
an open neighborhood of e, then there exists a compact rectifiable subspace H of 
countable character in G satisfying H C O. 
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Proof. Since G is of point-countable type, there exists a compact subset of G having 
a countable base in G. By the homogeneity of G, we may assume that e£f. Let 
{U n : n e N} be a countable base for G at F. We define by induction a sequence 
{V n : n 6 N} of open neighborhoods of e in G satisfying the following conditions: 

(1) Vi C O ; 

(2) K+i • V n+ i CV n D U n for each neN; 

(3) <?(K+i, K+i) C F„ for each neN. 

Put if = n„ eN V n- Then # C O by (1). It follows from Lemma ED] that i? is 
a compact rectifiable subspace of G and that {V^ : n e N} is a base of G at H. □ 

Since each locally compact space is of point-countable type, we have the following 
corollary. 

Corollary 4.12. Let G be a locally compact rectifiable space. If O is an open 
neighborhood of e, then there exists a compact rectifiable subspace H of countable 
character in G satisfying H C O. 

Definition 4.13. Let X be a topological space. For i = 1,4 we say that X is an 
cti- space if for each countable family {S n : n £ N} of sequences converging to some 
point x e X there is a sequence S converging to x such that: 

(c*i ) S n \ S is finite for all neN; 

(0:4) S n n S ^ for infinitely many neN. 

Obviously, we have a\ =S> 014. 

Let lj u denote the family of all functions from N into N. For we write 

/ <* g if /(n) < g(n) for all but finitely many n e N. A family & is bounded if 
there is a g e u) u such that f <* g for all / e J^, and is unbounded otherwise. We 
denote by b the smallest cardinality of an unbounded family in u> w . It is easy to see 
that uj < b < c, where c denotes the cardinality of the continuum. 

Lemma 4.14. [21 For i e {1, 4}, D T is an cti-space if and only if t < b, where D 
is the discrete two-points space {0, 1}. 

Theorem 4.15. The following conditions are equivalent: 

(1) Every compact rectifiable space with the ai-property is metrizable; 

(2) Every locally compact rectifiable space with the a^-property is metrizable; 

(3) \> = u> x . 

Proof. The implication (2) (1) is trivial. 

(1) => (3). Since D U1 is a nonmetirzable compact group, so it cannot be an 
ai-space by (1). It follows from Lemma \4. 141 that b < uii. Since b > w, it follows 
that b = uii. 

(3) => (2). Suppose that b = u>i, and that G is a locally compact a4-rectifiable 
space. Next, we shall prove that G is metrizable. By Proposition 14. Ill there exists 
a compact rectifiable subspace F of G which has a countable character at F in 
G. We claim that F is metrizable. If not, as proved V.V. Uspenskij in [231 123] . 
compact rectifiable spaces are dyadic, and hence the space F contains a subspace 
homeomorphic to D^ 1 . Since a subspace of an a4-space is an a4-space, the subspace 
D^ 1 is an a4-space. Then, it follows from Lemma 14.141 that lui < b, which is a 
contradiction. Therefore, the space F is metrizable. 

Let {U n ■ n e N} be a countable base of G at F, where U n +i C U n for each 
neN. Let {V n : n e N} be a countable neighborhoods base at the point e in F, 
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where the closure c1fKi+i C V n for each n G N. For each n G N, there exists an 
open subset W n of G such that V n — W n D F, W n C U n and W n+ i C W n . Put 
7 = {W n : n G N}. By Lemma [4.9[ the family 7 is a neighborhood base in G at 
point e. hence the space G is first-countable, and therefore, it is metrizable. □ 

Corollary 4.16. (21j The following conditions are equivalent: 

(1) Every compact topological group with the ct\-property is metrizable; 

(2) Every locally compact topological group with the a^-property is metrizable; 

(3) b = uj 1 . 

Question 4.17. Let G be a locally compact rectifiable a^-space. Is the space G an 
a>i-space in ZFC? 

5. a4-RECTIFIABLE SPACES 

In this section, we first give a new proof of the properties of Frechet-Urysohn 
and strongly Frechet-Urysohn are coincide in rectifiable spaces, which was proved 
in [IS]. 

First, we recall a concept. 

(AS) For any family {a mj „ : (to, n) G N x N} C X with lim n a m n = a G X for 
each to G N, it is possible to choose two strictly increasing sequences {ijjjgN C N 
and {jzjzgN C N such that lim; a^j, = a. Obviously, a space with ^IS'-property is 
an a4-space. 

It is well known that a topological space X is a strongly Frechet-Urysohn space 
if and only if it is Frechet-Urysohn and has the double sequence property (04). 
Therefore, it is sufficient to show that a Frechet-Urysohn rectifiable space has the 
double sequence property (0:4). Indeed, we have the following result. 

Lemma 5.1. A Frechet-Urysohn Hausdorff rectifiabe space G satisfies AS and 
hence 0:4 as well. 

Proof. Assume that G is a non-discrete space. Let {a mj „ : (to, n) G N x N} C X 
with lim n a m ,n = e f° r each to G N. Since G is a Frechet-Urysohn non-discrete 
space, there exists a sequence {s m }m G N C G with lim m s m — e such that s m ^ e 
for each m G N. 

Put Z m ,k — q(s m , Oim,k+m) if Q ( s m > Om,/c+m) 7^ e i Snd Z m ,k — S m if q(s m , flm,fe+m) 

' Let M = {z m .k ■ (to, fc) G N x N}. Obviously, we have e M since s m 7^ e for 
each to G N. However, we have e G M. Indeed, if MP\{s m : to G N} is infinite, then 
it is easy to see that e G M. Therefore, suppose that M n {s m : to G N} is finite. 
Then there is an open neighborhood U of e such that U fl M (~l {s m : to G N} = 0. 
Let V be any open neighborhood of e with V C U. Hence there is an open neigh- 
borhood W of e such that g(W, W) C V. It follows from lim m s m = e that there 
exists an to G N such that s m G W. Since lim„ a m n — e, there exists a k G N such 
that a mife+m _G_TU. Therefore, we have q{s mi a m . k+m ) = z m<k G q(W, W) C V C 17. 

Since e G M and G is Frechet-Urysohn, we can find a sequence {(to;, fc;)};^ m 
G such that lim; z mukl = e. 

Case 1: The sequence {fc;}; e N is bounded. 

Without loss of generality, we may assume that fc; = r for each I G N for some 
r G N. Since limi z mi ,k t = lim;z mi!r = e and z m ,,r 7^ e for each Z G N, we have 
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lim; mi — oo. Without loss of generality, suppose that mi < mi+i for each I G N. 
Let Ni = {I e N : z m ,r = s mi }- 

Subcase 1.1: The set Ni is infinite. 

We denote Ni by {pi : i G N}, where pi < Pi+i for each i e N. Then it is easy 
to see that q(s mp[ , a mpi .r+7n Pl ) = e for each I G N. Since linn s mp[ = e, we have 

OjTipj ,r+m p; P{ s m Pl 7 q{ s m Pl ; a m p; ,r+m p; )) — P( s m Pl j 6) — ^ e as Z ^ OO. 

Therefore, we can set i; = m Pi and ji = r + m Pl for each Z G N. Then we get the 
strictly increasing sequences {i;};gN and {j;};<en such that lim; a,i u j t = e. 
Subcase 1.2: The set N\ is finite. 

Let A^2 = {Z G N : z mur ^ s mi }. Then N2 is infinite. We may denote N2 by 
{qi : i G N}, where qi < qi+i for each i G N. It follows that 

Z mqi ,k q , = q( s rn qi , a mqi ,r+rn qi ) for each Z G N. 

Since lim; z mqi ^ q — e and lim; s qi — e, we have 

S ,r+m qi = P{s qi , g(Sm„ , «>»„ ,r+m 9i )) = p{s qi , Zm„ ,fe 9J ) ~> p(e, e) = G as Z -)■ OO. 

Therefore, we can set i; = m qi and ji = r + m qi for each Z G N. Then we get the 
strictly increasing sequences {i;};gN and {j;};gN such that lim; a,,^ = e. 
Case 2: The sequence {Zc;}; e N is unbounded. 

Without loss of generality, we may assume that {Zc;}; e N is a strictly increasing 
sequence. 

Claim: lim; m; = 00. 

If not, we may assume that, for each Z G N, m; = t for some t G N. Since {Zc;};gN 
is strictly increasing, we have lim; a tt t+k t — e - It follows from lim; z t ^ = e that 

at,t+ki = a mil m l+ k, =p(s mi ,z mi+kl ) =p(s tl z tM ) ->p(s t ,e) = s t as / -> 00. 

However, (Xt,t+fej — * e as Z —> 00. Hence St = e, which is a contradiction. 

It follows from Claim that there exists a strictly increasing sequence {n;}; g N C N 
such that m ni < m ni+1 for each i G N. Therefore, we can set z; = n; and j; — 
m ni + k ni for each Z G N. Then we get the strictly increasing sequences {«;};gN and 
{j;}/eN such that lim; a H , n = e. □ 

It follows from Lemma l5.ll we have the following theorem, which was proved in 

Corollary 5.2. A rectifiable space G is Frechet-Urysohn if and only if it is strongly 
Frechet- Urysohn. 

Lemma 5.3. Let G be an a^-rectifiable space. If G is a sequential space then G is 
strongly Frechet-Urysohn. 

Proof. It follows from Corollary 15.21 that it suffices to show that G is Frechet- 
Urysohn. Suppose that G is non-Frechet-Urysohn. Then there exists a subset A 

of G such that A \ A ^ 0, where the set A is all the limit points of convergent 

sequences in A. Take a point x G A \ A. Without loss of generality, we may assume 
the x = e. 

Since e G A, there exists a sequence {x n }^ =1 C A such that the sequence 
{^nj^i converges to e. For each n G N, there exists a sequence {x n j}'^L 1 C A 
such that the sequence {x n j}^. 1 converges to x n . Since G is a rectifiable space, the 
sequence {q(x n ,x n j)}J^ 1 converges to q(x n ,x n ) = e as j — > 00. Moreover, since G 
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is an a4-rectifiable space, there are an increasing sequence {^fe}fcLi and a sequence 
{j( n k)}kLi such that {q(xn k ,%n h j(n h ))}kLi converges to e. Then we have 

x n kJ (n k ) = P( x n k ,q(x, lk ,x nkj{nk) )) ->■ p(e, e) = e as k -> 00. 
However, we have e A, which is a contradiction. □ 

It follows from Lemmas 15.14 15.31 and Corollary 15.21 that we have the following 
theorem. 

Theorem 5.4. LetG be a sequential rectifiable space. Then the following conditions 
are equivalent: 

(1) The space G is an a^- space; 

(2) The space G is an AS-space; 

(3) The space G is Frechet-Urysohn; 

(4) The space G is strongly Frechet-Urysohn. 

Corollary 5.5. |15j If G is a weakly first- countable rectifiable space, then G is 
first- countable and hence it is metrizable. 

Proof. It is well known that a weakly first-countable space is a sequential a4-space, 
by Lemma 15.31 G is a Frechet-Urysohn space, then G is first-countable since a 
Frechet-Urysohn weakly first-countable space is first-countable. Hence G is metriz- 
able. □ 



6. METRIZABILITIES OF RECTIFIABLE SPACES 

In [18] , F.C. Lin and R.X. Shen posed the following question: 

Question 6.1. [18] Is every sequential rectifiable space with a point- countable k- 
networ^ a paracompact space ? 

In this section, we shall give a partial answer for Question 16.11 Moreover, we 
also discuss the metrizability of rectifiable spaces. 

Let X be a space and x € X. The space X has property P(x, U) [23] if U C X, 
{xi : i £ N} C U , Xi — > x as i — > oo and Xi =fi Xj if i ^ j, then there is T = {x(n, k) : 
n, k G N} C U such that x(n, k) — > x n as k — > oo, t : N 2 — » T is a bijection, where 
t(n, k) — x(n, k) and V U {x t : i G N} U {x} is a closed subset of X homeomorphic 
to S 2 - 

Lemma 6.2. |23j A sequential non- Frechet-Urysohn space with a point- countable 
k-network contains a closed copy 0/6*2. 

Lemma 6.3. [18) Let G be a rectifiable space. Then G contains a (closed) copy of 
S u if and only if G has a (closed) copy of $2. 

Lemma 6.4. Let G be a non-Frechet-Urysohn sequential rectifiable space with 
point- countable k-network. Then for any x £ G and any open U C G, G has 
the property P{x, U). 



2 Let @* be a family of subsets of a space X. The family # is called a k-network 1201 if 
whenever K is a compact subset of X and K C U £ t(X), there is a finite subfamily C 5? 
such that K C U&" C U. 
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Proof. By Lemma f6.2[ there exists a closed subset of G homeomorphic to S2. It 
follows from Lemma 16.31 G contains a closed subset homeomorphic to S u . Let 
S u — {y(n, fc) : n, fc G N} U {e}, where y(n, k) — > e as k — > 00 and y(n, k) ^ y(l, m) 
if (n, fc) / (l,m). We may assume that S u is a closed subset of G. Let U be 
open in G, {xi : i G N} C U, X; — > x as i — > 00 and Xi ^ Xj if i ^ j. For any 
i, k G N, put x(i,k) = p(xi,y(i,k)). Since y(i,k) — > e as k —> 00, it follows that 
x(i,fc) —t p(xi,e) = Xi as k 00. For every i g N, we can choose a fcj G N such 
that {x(i, fc) : i G N, k > fc 4 } C f7 and x(i, fc) ^ x(i',k') if (i, fc) ^ and 
fc > h,k' > k v . Then {a; 4 : i G N} U {a;(i, fc) : i G N, fc > fc,} U {x} is a closed 
subset in G and homeomorphic to S2. If not, there exists a sequence {x(ij, kj)}J^L 1 
converging to some point b G G such that ij ^ iy if j ^ j'. Therefore, we have 

y(ij,kj) = q{x ijl p{x lj ,y{i J ,k j ))) = q{x ij ,x(ij,kj)) -> q(x,b) as j ex). 

However, the set {y(ij, fcj) : j 6 N} is closed and discrete in G, which is a contra- 
diction. □ 

Lemma 6.5. [23 Let X be a sequential space with a point- countable k-network 
such that for any x G X and U C X the property P(x, U) holds. Then for any 
a < u)\,x £ X, U (Z X open in X the following property holds: 
Q{a, x, U): If {xi : i G N} C U , Xi — > x as i — > 00 then there is Q C U such that Q 
is countable, Q \ {x} — U , x G [Q] a , x $ [Q]p for each /3 < a. 

Lemma 6.6. |18) Let G be a sequential rectifiable space. If G has a point- countable 
k-network, then G is metrizable if and only if G contains no closed copy of S2. 

Theorem 6.7. Let G be a sequential rectifiable space with a point- countable k- 
network. If so(G) < u>i, then G is metrizable. 

Proof. Suppose that so(G) = a. 

Claim: The space G is Frechet-Urysohn. 

Suppose not, it follows from Lemmas 16.41 and 1 6.51 that G has property Q(a + 
1, e, G). Clearly, since G has the property Q(a+1, e, G), we have so(G) > a+1 > a, 
which is a contradiction. 

It follows from the claim that G is a Frechet-Urysohn rectifiable space, and hence 
G contains no closed copy of S2 ■ Since G is a Frechet-Urysohn rectifiable space with 
a point-countable fc-network, the space G is metrizable by Lemma 16.61 □ 

Proposition 6.8. Let V be a topological property that is productive and preserved 
by continuous maps. Then the following are equivalent for a rectifiable space G. 

(i) Every subset with the property V of G has countable pseudocharacter. 

(ii) Every subset with the property V of G has regular Ga-diagonaJ|. 

Proof, (ii) — > (i) obvious. 

(i) — > (ii). Let A be a subset of G and have the property V. Since q : G xG — >• G 
is continuous and the property V is productive and preserved by continuous maps, 
then q(A x A) = B is a subset of G and B has the property V . Then e G B 
since q(x, x) = e. Therefore, e is a G^-set of B, let {U n : n G N} be a family of 
countable open subsets with e G U„ and J7 n +i C U n . Then A = {(x, x) : x G 
^} = PUnT 1 ^) - (IneN?- 1 ^). In fact, let (x,y) G PUnT 1 ^)- Fot 

space X is said to have a regular G5- diagonal if the diagonal A = {(x, x) : x 6 X} can be 
represented as the intersection of the closures of a countable family of open neighborhoods of A 
in X X X. 
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each n £ N, we have (x,y) £ q 1 (U n ) 1 and hence q{x,y) £ U n , which follows that 
W2(<f(x, y)) £ U n , 7r 2 (a;, y') £ U n , where <p(x, y) — (x, y') and y' £ U n for each n £ N. 
Therefore, y' = e. Since tp(x, x) — e, tp(x, y) = e and if is one-to-one, we have x = y. 

Therefore A = DneN^M^n)- Since ^(^n+i) C q- 1 (U n+1 ) C g _1 (f/„)> then we 
can see that A has a regular G^-diagonal. 

□ 

It is well known that a countably compact (compact) space with a Ga-diagonal 
is metrizable, we have the following. 

Corollary 6.9. The following are equivalent for a rectifiable space G. 

(i) Every compact (countably compact) subset is first- countable. 

(ii) Every compact (countably compact) subset is metrizable. 

Corollary 6.10. Let G be a rectifiable space of countable pseudocharacter. Then 
G has a regular G$ -diagonal. 

7. COMPACTIFICATIONS OF RECTIFIABLE SPACES 

In this section, we assume that all spaces are Tychonoff. 

Note that a rectifiable space is metrizable if its 7r-character is countable [15] , by 
the same proof of [THl Lemma 2] , we can prove the following. 

Lemma 7.1. Let G be a non-locally compact rectifiable space. If for each y £ 
Y = bG\G, there exists an open neighborhood U(y) of y such that every countably 
compact subset ofU(y) is metrizable and irx{U(y)) < U), then G is metrizable and 
locally separable. 

A space X is called having the property (*): if the cardinality of X is Ulam 
non-mcasurc, then X is weakly HN-completfl A paracompact space has the prop- 
erty (*) since a paracompact space with Ulam non-measurable cardinality is HN- 
complete [13], and hence it is weakly HN-complctc. 

Proposition 7.2. Let G be a non-locally compact rectifiable space with property 
(*). If for each y £Y = bG\G, there exists an open neighborhood U(y) of y such 
that (i) every compact subset of U(y) is a G^-subset of U(y); (ii) every countably 
compact or Lindelof p-subspace of U(y) is metrizable. Then G, bG are separable 
and metrizable. 

Proof. From condition (ii), we can see that Y is not locally countably compact, 
otherwise G is closed in bG and is compact. 

By [6l Theorem 3.1], Y is pseudocompact or Lindelof. 

Case 1. The space Y is pseudocompact. Then Y is first-countable since each 
singleton of Y is a G^-set. Since Y is not locally countably compact, the rectifiable 
space G is locally separable and metrizable by Lemma [77X1 Y is Lindelof [16] since 
G is of countable type. Therefore, Y is compact, and hence G is locally compact, 
which is a contradiction. 

Case 2. The space Y is Lindelof. Since Y is a space of countable pseudocharac- 
ter, it follows that the cardinality of Y is Ulam non- measurable [7]. The space G is 



4 A space X is weakly UN -complete if the remainder Z of X in the Cech-Stone compactification 
fiX of X is a space of point-countable type. 



14 



FUCAI LIN, CHUAN LIU*, AND SHOU LIN 



not locally compact, then G is nonwhere locally compact since G is homogeneous. 
It follows that G is a remainder of Y, so the cardinality of G is also Ulam non- 
measurable |7- Then G is weakly HN-complete. By [5J Theorem 4], each Ga-point 
of Y is a point of bisequentiality of Y, it follows that irx(X) < w - Therefore, G is 
locally separable and metrizable by Lemma [7.11 We write G = © Qe ^G Q , where 
G a is a separable metrizable subset for each a £ A. Let rj = {G a : a £ A}, and let 
F be the set of all points of bG at which rj is not locally finite. Since rj is discrete in 
X. Then F C bG\G. It is easy to see that i 7, is compact, we can find finitely many 
closed neighborhoods that satisfy (ii) to cover F, hence F is separable and metriz- 
able, thus F has a countable network. Put M = Y\F. For each point y £ M, there 
is an open neighborhood O y satisfying (ii) in bG such that O y D F = 0. Since ij is 
discrete, the set O y meets at most finitely many G a . Let L = U{G Q : G a nO y ^ 0}. 
Then L is separable metrizable. It follows that L\L is a remainder of L, and hence 
it is a Lindelof p-space by [2j Theorem 2.1]. ClyiPy) C L\L, then CIy(O v ) is a 
Lindelof p-space, hence it is separable and metrizable and Y\F is locally separable 
metrizable. Since F is compact, there are finite many \U{yi) : i < k) that satisfy 

(i) and cover F. Moreover, since each compact subset of U(yi)(i < k) is a G^-set, 
the set F is a G^-set in \j{U(yi) : i < k}. We write F = DV n with V n open in Y 
and G/ Y (K+i) C K- Let K x = Y\Vx,K n = Cl(V n -i)\V n (n > 1). Since Y is Lin- 
delof and K n is closed in Y, each K n is Lindelof and locally separable metrizable. 
Therefore, K n has a countable base for each n. Since V = _F U (U{K n : n £ N}), 
it follows that Y - has a countable network. Then c(Y) < u>, hence c(G) < ui. Since 
G is a metrizable space with countable Souslin number, the space G is separable 
and metrizable. It follows that bG is separable and metrizable since G and Y both 
have countable networks. □ 

Recall that the space X has a quasi-Gg- diagonal provided there is a sequence 
{Q(n) : n G N} of collections of open sets with property that, given distinct points 
x,y £ X, there is some n with x £ st{x,Q{n)) C X \ {y}. Obviously, "X has a 
G^-diagonal" implies U X has a quasi-G^-diagonal" . 

Theorem 7.3. Let G be a non-locally compact, paracompact rectifiable space, and 

Y = bG \ G have locally quasi-Gs -diagonal. Then G and bG are separable and 
metrizable. 

Proof. By [8, Proposition 2.3], for y £ Y, there exists an open neighborhood U(y) 
such that each compact subset of U(y) is a G^-set and every countably compact sub- 
set of U (y) is metrizable. Moreover, every Lindelof p-subspace of U(y) is metrizable 
by [III Corollary 3.6]. Then G and bG are separable and metrizable by Proposi- 
tion o □ 

Corollary 7.4. [6] Let G be a non-locally compact, paracompact rectifiable space, 
and Y = bG\G have a Gs-diagonal. Then G and bG are separable and metrizable. 

Proposition 7.5. Let G be a non-locally compact rectifiable space. If for each y £ 

Y = bG\G, there exists an open neighborhood U (y) of y such that (i) Ttx{U(y)) < uj; 

(ii) every countably compact or Lindelof p-subspace of U(y) is metrizable; (iii) 
every compact subset of U(y) is a G^-set of U(y). Then G,bG are separable and 
metrizable. 

Proof. By Lemma 1 7. 1[ G is metrizable and locally separable. Similar to the proof 
of Proposition [721 G and bG are separable and metrizable. □ 
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A space with point-countable base satisfies (i), (ii) [21 Corollary 7.11 (ii)] and 
(iii) in Proposition [73J 

Corollary 7.6. Let G be a non-locally compact rectifiable space, and Y = bG \ G 
have locally point- countable base. Then G and bG are separable and metrizable. 

By [SI Proposition 2.1] and [T3J Corollary 8.3(ii)], a space with a <50-bas41 satisfies 
(i), (ii) and (iii) in Proposition [73J 

Corollary 7.7. Let G be a non-locally compact rectifiable space, and Y — bG \ G 
have locally 89-base. Then G and bG are separable and metrizable. 

By [14] Corollary 10.7(h), Theorem 10.6], a 7-spac^ satisfies (i), (ii) and (iii) in 
Proposition [73J 

Corollary 7.8. Let G be a non-locally compact rectifiable space, and Y = bG \ G 
be a locally "/-space. Then G and bG are separable and metrizable. 
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